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SUMMARY

The design of sine and cosine function
generators for use in the A.R.L. Analogue
Computer 1is detailed. The generators in-
corporate diode switching circuits to obtain
a piecewise linear approximation to the re-
quired functions.
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1. INTRODUCTION

The sine and cosine function generators which are
described here were developed at A.R,L. for installation
within the A.R.L. Analogue Computer console. Access to the
bank of computer amplifiers was allowable for the generation
of the required functions within the function generator unit.

2.  DESIGN SPECIFICATION

Basically, the required function generators are
to have an input voltage which is proportional to an angle
(or number) and an output voltage which is proportional to
the sine or the cosine of that angle (or number) as the
case may be., The following is the design specification to
be adhered to.

Functions Required Sine and cosine (independent).

Angle Coverage - %; to +-€§ for both functions.

Accuracy Better than +0,5% of maximum
value.

Input 50 volt to correspond to 1 radian.

Outputs sin -g and cos O to correspond

to either 50V or 100V as selected
by a switch.

Power Supplies +100V and -100V regulated
supplies available in the com-
puter. 6+3V supply for fila-
ments available in the computer.

Operational Amplifiers Available in the computer.

3.  MATHEMATICAL FORMULATION OF DESIGN

(1) Sine Function Generator

The function ¥y = sinx may be approximated to by
a number of linear segments as illustrated in Fig. 1(a). The
approximation may be written in the form:
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where the subscript "s" 1s used to denote "sine" and

(1) m_~ is the gradient of the segment through
the origin,

(2) k.. 1s the change in gradient from the

(r-1)%0 to the »™ segment.

(3) =x4,1s a point of discontinuity of the funetion
and is better known as a '"breakpoint',

(4) H(x - x . ) is the Heaviside Unit Step Function
which has the value unity for x > X4,

and gepe for ' < xsr~ o

In a simllar manner 1t can be seen for the range

_.ﬁ. .\< X < 0
2

n
y:mox-ls k&r(x"'xsr) 1"H(X+Xsr)]

i (2)

(11) Cosine Function Generator

It can readily be seen by reference to Fig, 1(b)
that the approximation to y = cos x may be written as:

n

y=l—2:—; kcr(x—xc") H(x - x,

)

r

=
for = g8 o 0 (3)

and

y =1 +}——_k0r (x + Xcr) rl—H(x + Xcr)]
i (1)

T 0 v ¢ 32

2
where the subscript "c" 1s used to denote '"cosine',



o
: ANATOGUE GIRCUITS FOR GENERATING THE

DESIRED APPROXIMATION FUNCTIONS

(i) Sine Generator

Consider the simple circuit of Fig. 2
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If it is assumed that the diode acts as a perfect
switch, then conduction of the diode will commence when the
plate of the diode Jjust reaches zero potential
YR »

Rir

i.e. when Vx >

When the diode is conducting, the equivalent
cipoult of Pig. J applies,
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Simple analysis gives:

Rep

Ror
i (v, - 2 v)
i RH‘Rz;r‘ X R1f‘ (5)

+ R
ar
“ap ¥ Rzr

If it is assumed that the voltage V
proportional to an angle x radian such that

VX = A1x o

is made



then
A1R1r ‘
R, o+ R 2.V
iy = L <X-——~——1—2" > (6)
Hop B Rip A4
S ki el o 2 R
Ryp+R o o
But since conduction occurs only for
¥ 5 VR, p
e Ryp
VR
or ® 5 A
AR,y
then
A'1R‘lf‘
B .t Bop < \VRQ',>H <X_ VR2r>
A1R1P A1R1|"
wiv 00

le =
R1r+R§,, L
1P er
It is to be noted that the expression for I,

above is of the same form as the r'® term of equation (1),
If in Pig. 2, the diode is peversed and the vol-

tage - V replaced by +V, then simple analysis shows that:

AiRyp
VRzr\ [1 S H<X + EL)]
A.,R”.

# 5 < +
p = x RSN e
R1r Rgr + 1 A1R1f‘/
ceo (8)
th

r
Rypr+Rop o
This oxpression for I, is similay o the »

= kox: may be readily

obtained by the simple circuit of Fig. L. Reference to

term of eguation (2).
Io
equations (1) and (2) shows that a different sign is re-

A term of the form

guired for this term, and hence.a - V_ is required.



i = - —_ X (9)

It 1s evident that all the terms of equations (1)
and (2) may be obtained in the form of currents by using a
number of circults of the type in Fig, 2 and Fig. 4. A
summation of the separate currents may be conveniently made
at the input of a single operational amplifier to approxi-
mate the function ln the desired range. An arrangement of
the form depicted in Fig, 5 results,

The output of the amplifier 1s:
n

e <IO‘Z Ir> Rp

£ e
A1R1rRF
ARp Rintige ( LT < VRgr\
= Tk X - B H x - —
R:so Ryp Rap - AR A1R1P/
Ry R,p o
“as (10)

i
for O\<x\<+—§-

If the voltage Vy 1s made proportional to a
number, y, such that

Vy = Aey
then
& R, p Rp 5
A | Bp _>_n__ Ryp * Ror <x VR2P>H<X Eor
- — ———re X — = -t
T R —7 R4r Rar Aq Ry ARy,
+ Kzr
- Ryp+Ryp =
(11)
s
o e SR (R G -5
T
and similarly for - e £ 2.8 0
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# Ry BB -
v é\? -;;-E..x- i Ryp +Rgp < ){ I—( e 1_,1_\";
. el P AiRar Ay Ryp/)
e
L R1P+R2r ol
S (12)
Comparing (11) and (12) with (1) and (2) we may
write 3
HEAKPOINT x.. = —o2i (13)
i AiRyp
A, R, Rp
Aa R1r~ +R2P
INCREMENTAL k.. = (1)
SLOPE Ryp Ror
+ Rsr
R, + Bap

(11) Cosine Generator

If a simllar analysis is carried out for a cosine
generator it can be seen that a circuit of the form depicted
in Pig, 5 will produce suitable analogues for the terms of
equations (3) and (4)., For this circult, the following
equations apply

Ve = hun \ as for sine
e y}(
b Ryp =p i
A haV 3 Ryp+ Rop VR VR
R 5 AT ALY
2 {3l =1 R'll" Rgr % . A,,R"i 1R10'_)
P iy p
L RiptRar (1-5-1-
/
For - g g % —725-
R.«RBRp
il ay o0 2 VR
=1 |3 foow s ( "'VRQP>H<X— e
&1 1 Byp Bap A4 Ryp, AyRyr )
+ Ryp
T oo e (16)
for - —-2-—\< Xs 0
Note that R ,. R ., @and R are not identical
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to the resistors of the same notation used for the sine
generator,

5 DETERMINATION OF NUMBER OF SEGMENTS REQUIRED

It was found graphically that a sine curve (or a
cosine curve) in the range -"Yo & X g X/o could be
approximated to an accuracy of + 0.5% of maximum value by
11l linear segments, The procedure used for the graphical
solution can be illustrated with reference to Fig. 7.

»g, 7

The slope of the flrst segment OA was made equal
10 the 8lope of y=8inx at x=0, and extremity A of 1the
first segment was chosen such that AA' was ¢ 0.5% of maxi-
mum value. The slope of the next segment AD was chosen
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such that BB' was £ 0.5% of maximum value, and the
extremity D was chosen such that DD' was £ 0.5% of maxi-
mum value. This process was repeated so as to cover the
range 0 & x & + /o . Obviously the piecewise linear
approximation for the range -%/ob ¢ x¢ O follows the same
pattern. The slope of the segments at x = + %5 was made
equal to the slope of y = sin x at x = + "/, (1.e. O).
To provide the 11 requisite segments, 10 breakpoints were
obviously required.

The results of the various measurements and com-~
putations are tabulatecd below.

(1) Sine Generator

Breakpoints and Slopes (initially chosen from
graphical analysis and later trimmed by actual computations).

- Sl e s e o e ol = e ey

- SEGMENT

| BEWEEN | -17°0 %o 17 to | 38%t0 | 552 to | 71° fo 85.2°

e s Bus® |
|  POINTS | | 5 |
| SLOPE OF | | |
| SEGMINT . 0.017L45 0.0154 10.0119 | 0,0080 |0.0035| O

Maximum Computed Errors

The maximum errors in the piecewisc linear approxi-
mation rcpresented by the above table were computed using
equations (1) and (2). It is apparent that the angles corre-
sponding to the maximum positive errors will be the break-
roints. The maximum negative errors, which ogcur between
the breakpoints, are approximate only,since they have been
computed using integral wvalues of angle only.



T W | 29 8 | W B

ERRORS IN | ! ; | | f § §
PIECEWISE | ; | ; | | | ;
LINEAR 40,143 =0,3L +0.4lt [-0.42 40,32 -0.47+0.48'-0.33 +0.35
APPROX,TO | | | | | | | ;

SINE(7 MAX. W e % : % |
VALUE) | E ; | | | ? |

i ety b et e e e At S SR SRR T L e O R e S

By specification it was required that 50V corre-
spond to 1 radian, Thls 1s equivalent to setting the con-
stant A,, in the equation VX = A;x, equal to 50V/radlan,

Hence 1° ~ (0.,01745 x 50) volt = 0,8727 volt.

The followlng table expresses the breakpoints in
volt units.

| BREAKPOINT | | ! | |
| SYMBOL CBas B e e | e
i

e oo vt e e s T et

| BREAKPOINT | 37 | 38 | 55 | 71 |85.2 |

i (DEGQEE) .M_M“,"E | |
e

CORRESPONDING z z | : ;

E BREAKPOINT u.su | 33416 48,00 | 61,96 | The35

‘1,, _.g V.,O,I'.rl_".)-_. e e AR 2 ! §

By specificatlon it was required that 50 volt or
100 volt, as selected by a swltch, correspond to 1 unit of
¥o This 1is equivalent to settlng the constant A,, in the
equation Vy = Ay, equal to 50 volt/unit or 100 volt/unit
respectively. For the case A_ = 50 volt/unit the follow-
ing table applies.

Increments in Slope (obtained by subtracting
slopes of successive segments)°

SLOPE INCREMENT 1 f
| SYMBOL : k i ksz | k33 ; 1{34 | kss !

PO e e St ;‘_ e b

| SLOPE INCREMENT | 10,0020 %o.oo 0,00 Q§ 0.00 5 0,0035
 UNIT/DEGREE 5‘; el “5; -

SORCIRSER L SR NN SENS R WD R | SRt S B S

? SLOPE INCREMENT | 0.118

0.201 0,023 | 0,088 | o.000
 VOLT/VOLT f |

od Mo il e OO S S S SRR S e O - =i ST

% I GRS A e GRS oS! OB IR IS oy (1 - G e e (U s S S O e o e Ll T e
! l ; 5 ’ i | i !
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The slope of the segment at x = 0, defined by
the symbol m_ 1in equation (1) is 1 unit/radian (equiva-
lent to 0,01745 unit/degree) or 1 volt/volt.,

(11) Cosine Generator

From a graphical analysis, symmetry considera-
tions show that breakpoints satisfying the accuracy condi-
tions for the cosine curve can be found from the equatlon:

XC r = ~—27E- - xs (6 - I")
| BREARPOTNT | ke | |
. | | | | |
| SYMBOL fxc, fXCg §x03 Tow i B
" BREAKPOINT | | |
(osorem) u 8 | 19 5 Lh T 73
5 CORRESPONDING | | |
. BREAKPOINT fu,zo | 16458 | 3o 5| h5.38 | 63.70
(voLT) | | | |
S | i

The slope increments are, of course, the same magnitude as
those for sine, but in the reverse order, and are found
from the equation:

B, = k6 o)

e e o et SE—

SEGMENT BETWEEN u.so to | 190 to | 35 to 52° ta  73° to

BREAKPOINTS 190 | 350 | 520 | 739 | 900 a
e s LRSS B _E»__,..,_ ,___-.__“.;),_-,_,__‘_._» L SR ! —';—
§§§§§D§§§§§MENT 0,0035 ?o,oousio,oos9 0,0035 20,0021 g

e e N e L e N e R
sgggﬁvgggREMENT; 0,201 | 0.258 (0,223 0,201 ?0.118 |

The slope of the segment betwepn ~4,8° and U,8°
is, of course, zero,
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6.  ACTUAL CIRCUITS EMPLOYED

As mentioned in the specification, regulated
supplies +100 Volt and -100 Volt were available in the
computer.

i.e. V = 100 Volt

Current drain considerations indicated a require-
ment of about 250 KN total resistance in the voltage
dividers formed by R,, and R,.

= 300 el o

|
-
R1r f\;
-~
?lE
Ror f(
Vx o
Fic, 8

Referring to the special case of Fig, 8.
If R;p # R,p = 250 Kn, and

if x_ . 1s a breakpoint, then using equation (13)

sr
0
s 7
A, - S
1+
100
Rzr‘ = ..___?_5.9__. KN (18)
1 + 100
A, : I

where A, = 50 volt/radian
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Having selected R,. and R, .,
to provide the regquired slope from equation (1l).

Rsr may be chosen

R, B AR
Bop o w il Bl <-._._L_.FL_ - 1) (19)
R1p+ Rgp AgksrRzr

Potentiometers were added so that breakpoints
and slopes cculd be trimmed to the desired values.

Type 6AL5 twin diode valves are used throughout.
The very low reverse leakage and low forward resistance of
this diode in the required range makes 1t ideal for this
application. A measured diode characteristic in the range
of interest is drawn in Fig. 9.

All fixed resisiors except the amplifier feedback
resistors are Erie Type 100 (High stability) and all
potentiometers are Morganite Type BJ Linear. The Erie
resistors are mounted on aluminium strips via polytags and
in such a way as to allow proper flow of the circulating
air in the computer. The amplifier feedback resistors are
precision I.R.C. wire-wound type.

Bulgin switches Type 8270 are used for feedback
resistor switcuing. Of U4 switches tested under ambient con-
ditions each had an insulation resistance in excess of
52 lOA'megohm.at applied potentials up to 90V.

Computer amplifiers for sign changing at the in-
put (i.e. for obtaining - Vv, from Vx) and for current sum-
mation are available from the amplifier panel in the
computer.

The final circuits together with the associated
component values are drawn up in Fig. 10 and Pig. 1l.

Noise at full scale positive output for the sine
generator (110 volts) was measured as 20 mV peak to peak
(1.e. -74 db).

_Setting-Up Procedure

Trimming of the actual values of R,,., R, and
R, to achieve the desired accuracy was carried out using
an X-Y recorder. A ramp function was fed to the input of
the recorder which plotted output as a function of input.
The resulting curve was made to conform within + 0.5% to a
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FIG 9
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true sine curve by successive adjustments and readjustments
of potentiometers 1C, 1D etc. (Refer to Fig. 10 and
FigO ll) L]

Drawings

The following drawings relate to the unit

described.
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FIG. 10

SWITCH S

BULGIN TYPE S 270
VALVES V|V, VoV, Vs,

TYPE BALS

(HEATERS NOT SHOWN)

FIXED RESISTORS
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ERIE TYPE 100
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POTENTIOMETERS
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5D

5E
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OE 100 3D 25
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NV

SINE GENERATOR - ACTUAL CIRCUIT
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