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SUMMARY

A simplified determination of Malkara trajectory
in which motion of the missile in the vertical plane
is considered to be essentially dependent only on the
missile pitch control demand signal, may, 1in cases
where a simultaneous yaw manoeuvre 1is added, lead to
substantial errors 1in trajectory slope estimation.
Moreover, if the missile angle of attack is not con-
sidered 1in the programme fed to the pitch control
system,an additional error will arise. In this article
a more precise analysis is used to calculate some of
these errors for an extreme case. General expressions
in matrix form have been derived throughout for the
solution of the attitude and flight path of an air-
borne body.
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NOTATION
Orthogonal set of axes fixed within the missile.

Set of axes associated with the gyroscope, not necessarily

orthogonal.

Orthogonal set of axes corresponding to the initial (launch)
attitude of the oxpqymzym axes. These axes are fixed

relative to the earth.

Orthogonal set of axes within the missile which define
the direction of motion of the missile (relative wind is

directed along oxy).

Orthogonal set of axes fixed relative to the earth.

oz is vertical.

Rate of rotation of missile about missile roll axis (oxM).
Rate of rotation of missile about missile pitch axis (oyM).
Rate of rotation of missile about missile yaw axis (OZM).
Rotation of missile about gyroscope roll gimbal axis (OAR).
Rotation of missile about gyroscope pitch gimbal axis (oAp).
Rotation of missile about gyroscope rotor spin axis (oAS).
Angle of attack of the missile.

Angle of sideslip of missile.

Angle of inclination of launch vehicle.

Angle of launch of missile.

Angle representing instantaneous inclination of trajectory with
respect to earth.

Yaw angle of trajectory with respect to Oxpypzp axes.
Direction cosines of trajectory with respect to OXpypZp axes.
Instantaneous inclination of the "desired" (see below)
trajectory with respect to the initial launch attitude.
Instantaneous yaw angle (measured in the horizontal plane)

of the "desired" trajectory with respect to the initial launch
attitude.

Trajectory inclination error arising in the "simplified"

(see below) analysis. bp =6 - ( QD i GQ),

That part of the trajectory inclination error which arises

because the gyroscope rotor spin axis is not vertical.
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NOTATION (cont'd)

Velocity of the missile (relative to earth).

Instantaneous angular velocity of the missile.
Time elapsed since moment of launch.

Distance measured along the trajectory.

[ ) dlblé

Distance measured along the projection of the trajectory on the
horizontal plane.

Vector Notation, A bar above the symbol as in EM defines the unit vector

along oxy.

A bar below the symbol as in { defines a vector of
magnitude Q.

DEFINITION OF TERMS

"Desired" Trajectory. A theoretical flight path which if followed would

1ine the missile exactly on the target. The "desired"

trajectory forms the basis for the control signals fed to the
missile.

"True" Trajectory. The flight path predicted by the more exact
ana'ysis of this paper if the missile is fed with control

signals based on the "desired" trajectory.
"Simplified" Analysis. Assumes that the actual trajectory corresponds to

the "desired" trajectory.
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L INTRODUCTION

A reasonably precise computation of the Malkara trajectory, when
the missile is subject to manoeuvres about both pitch and yaw axes simul-
taneously, presents a most formidable problem. In fact, to combine the
missile aerodynamics with the flight programme in anything but a very
simplified form, would rarely be justified. For this reason a desired
trajectory, based on known performance characteristics of the Malkara, was
initially specified. Trajectory slope errors, resulting from the use of
simplified pitch and yaw programmes based on this desired trajectory, were

computed by comparison with a more precisely computed trajectory.

2, RELATIONSHIP BETWEEN TIME DERIVATIVES OF MISSILE AND GYRO ROTATIONS

2.1 Particulars of Malkara Gyroscope

Define a set of Cartesian axes OX\YM2ZM fixed within the missile

as depicted in Fig. 1 where:

OXyy is the missile roll axis
oYy is the missile pitch axis

0z is the missile yaw axis.

Now the Malkara is fitted with a single vertical gyroscope
(i,e. rotor spin axis initially along on), the outer gimbal axis of
which is fixed within the missile and coincides at all times with the
missile pitch axis. The pitch potentiometer is mounted on the outer
gimbal axis and the roll potentiometer is mounted on the inner gimbal
axis. In the caged position (the position in which the rotor is run up
to speed) the rotor spin axis coincides with the missile yaw axis. At
this stage it will be useful to introduce a set of gyro axes oARAPAS

where:

oAR is the inner or roll gimbal axis

oA, is the outer or pitch gimbal axis

P
oA, 1s the rotor spin axis.

It is to be noted that the above set of axes does not, except in the

caged position, form an orthogonal set, as oAy 1s not perpendicular to

OAp. Fig. 2 illustrates how the missile can rotate with respect to the

gyro.
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2.2 Matrix Relating Unit Vectors Along Missile Axes to Unit Vectors

Along Gyro Axes

In the rotor caged position the gyro axes and the missile axes
coincide to form an orthogonal set oxyz, say. Define € and ¢ as the
rotations of the missile about the pitch and roll gimbal axes as read by
the respective potentiometers, and further, assume these angles are zero
for the caged rotor position. To completely define a new missile attitude
a further angle needs to be specified., It is convenient to define a
rotation |y of the missile about the rotor spin axis of the gyro. Now
assume that the missile attitude changes from oxyz to another arbitrary
attitude oxyyyzy. If the following finite rotations are performed in the
order given:

(1) Rotation V¥ about z axis to form ox'y'sz'

(2) Rotation ¢g about x' axis to form ox"y"sz"

(3) Rotation ¢ about y" axis to form oxyyyzy
then ¢g and € will correspond to the actual gyro readings. Vo of
course is not read by this gyro. If the order of rotations is changed
then that set of angles will not correspond to the gyro readings. Fig. 3

depicts the various finite rotations defined above, and also the relation

between the missile and gyro axes.

If the notation Xy is used to define the unit vector along the

X axis, and likewise for the other axes, then from Fig. 3 it can readily
be seen that:
B T\R— [ cos 6 ¢ o sin GGT " ;(MT
A = (o] l O §M -o(l)
E”J -sin 65 O cos 64 EM
ZR 1 e} o) KR—
Ap = o) d o AP en Q)
Ag o sin @, cos g4 z"
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[ AR 1 0 o cos B4 o sin o4 [[ %y
Ap | = o 1 o o 1 0 M
| ESJ o sin@g COS g -sin 6 o cos O _-EM
-—ERT cos 6 0 sin 04 ‘§M-
ZP = o 1 (0] ?M
Ag -cos g sin 6, singg cos @ cos Ol Zy ws 13

Matrix equation (3) relates the unit vectors along the missile

axes to the unit vectors along the gyro axes.

2% Time Derivatives of Rotations

For the following analysis it will be assumed that the missile
is turning with an instantaneous angular velocity O {where the bar
beneath the symbol signifies a vector). Define p, q and r as rates of
rotation of the missile about the missile axes oxy, Oyy and ozy re-

spectively. It follows that

QO = dog- d6pg— dvg <

- et A T __A P )-”
It AR v —q fP gt s (

2 = DXy 4y + Ty .. (5)

Note that since Ap, Ap and Ay are not all mutually perpendicular
(except in the caged attitude) then the resolute of ( in the direction of

KR (i,e. Q KR) is not dgiG , the component of ( in the direction of KR'

Combining equations (4) and (5) and writing in matrix form we

ob e
[ﬁ; 2% _W_] | - [ q “J Ty G
RE: 3t 3t Ap T
AS Zy
Using equation (3)
dog deg dvg cos O o sin 6
at it at 5 1 o = J:p q r}-(?)

-cos @Gsin O sin Py COS @nCOS b4
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Transposing both sides
ﬁoseG 0 ~cos @ sin 6 4o |
= dt
o 1 sin @ d 64 ..(8)
dt
sin @ . ¢ cos ¢, cos GQJ d Vg

Now the Malkara is roll stabilized by means of a control system

which maintains ¢, = o. Hence for stabilization assumed perfect

e = o and dch
=& - ©-
Under these conditions equation (8) simplifies to:
ol Vo
P = - —EE— sin GG --(9)
d e
_ G
q - dt "(lO)
d WG
I = T‘? CcOSs GG ..(ll)

It is interesting to note from these equations that if a yaw

rotation occurs (i.e. r # o and 4 ¥ # o) then if 65 %0 p # o and hence
dt
rotation will occur about the missile roll axis.

Vs SPECIFICATION OF MISSILE ATTITUDE IN TERMS OF GYRO ANGLES

The attitude of the missile relative to its initial attitude
(defined earlier by the orthogonal set of axes oxyz) can be expressed in
terms of the three angles Vo 9g and 0 e In the following analysis the
unit vector relationship between the oxyz and the o XM YM ZM frames will be

calculated.

Referring to Fig. 5 we can write:

(1) For rotation v, about z axis to form ox'y'z'

X cos Vg sin ¥ ¢ o) x
y! =| -sin y o cos Y 0 y k=
! o ) 1 2
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(1i) For rotation ¢, about x' to form ox"y"z".

X" 1 o o =
v = o cos @ sin Py bk ..(13)
2" ) -sin g, cos @, EL
(iii) For rotation of 64 about y" to form ox XV
— s - n
Xy cos eG ¢} -sin GG
-}—fM = (¢) 1 o Tr” ..(lh)
Z sin 6 o cos 6 P
M
@ 1 L J
Hence
__iM— cos eG o -sin GG 1 o o | cos W sin w o) g
gM = o 1 o o cosq, sinqb -sin ¥, cos WG» 0 Yy
._ZM— sin QG o cos GG o sing, cosq, 1 Z
Xy cos QG cos WG cos QG sin WG e coEl X
- gi i sin i i cos B
sin QG sin ¢ ‘wG + sin QG sin o, WG G G
Yyl =% 9 sin wG cos Pq cos WG sin ?q vy
Zy sin GG» cos-q;CT sin GG s1nxyG - Z
] L + cos GG sin,@G_sin Ve - cos GG sin @G_cos WG GoevE Té »
.+ (15)
For roll stabilization Py = © and equation (15) simplifies to:
Xy cos eg_cos wG cos QG 31n‘¢G -sin GG
Ty |~ -siny cos ¥ . o .(16)
Zy sin QG cos ¢G~ sin QG sin WG- cos QG

L, RELATION OF FLIGHT PATH ATTITUDE TO MISSILE ATTITUDE

The direction of the relative air may be related to the missile
axes (oxMyMzM) in terms of two angles, @ and p, as illustrated in Fig, L.
For the case of no wind, as will be assumed in this paper, the resultant
velocity of the missile relative to the ground, Vs will be minus the
relative air velocity (the apparent air velocity as seen from the missile)
and will be directed along oxy; as shown in Fig. 4. The set of axes
OXy V2 may be obtained from the missile axes X\ M2y by two successive

rotations, & about yy followed by B about the 2y (or new ZM) axis.
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&, normally referred to as the angle of attack of the missile,
is the inclination of the longitudinal centre-line (oxM axis) of the
missile with respect to the projection of the relative air velocity vector

(v- directed along oxw) onto the missile "vertical" plane of symmetry

(B;MZM plane).

B, normally referred to as the sideslip angle of the missile, is
the inclination of the relative air velocity vector to the missile

"vertical" plane of symmetry (oxMzM plane).

From Fig. 4 we may write:

~ -~

Xy cos B sin B ¢ cosQ o] -sinQ X

vyl = |-sinB cos B o o 1 o T

Zyg o o} 4 sing o cosq, Zy

Xy cosq cosp sing -sing cosg| |¥

?w. = cosa sing cos B sing sinp ?w ..(a7)
A

_?W sing o cosq, Z)y

Since ¢ and B are usually quite small the following approxi-

mations may be made:

cosB ~ 1
sinp ~ B
cos o ~ 1
sin Q@ ~ &

sin o sinB ~ ©

Using the above approximations equation (17) simplifies to

% _ =
*W B x| %y
7. |= |- v 18
Ty B 1 i (18)
zw Q o) 1 ZM

Se SPECIFICATION OF MISSILE LAUNCH ATTITUDE

It is convenient to relate the missile launch attitude to a set
o earth axes OxXp Yp ZF for which Zg is vertical. Assume that the launcher
vehicle is resting on a slope of ¢, as depicted in Fig. 5.

The case in which the launcher arm is set at 0° to the vehicle as
regards yaw will be considered. The effect of the initial roll ¢ , will be

greatest under these conditions.
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The launch attitude may be obtained from the set of earth axes

6

about y in that order.

a rotation of P, about xp followed by a

Writing down the direction cosine

Q
matrices we obtain:
e — . . -
X cos QQ o sin GQ 1 o o Xm
y| = o 1 0 O cosp, sing, ?F
z— sin GQ o cos GQ o-sing, cos, ZE
X cos GQ sin QQ sin @ -sin QQ cos @ Xp
| = o cos @ sin ¢ Vo~ (19)
‘z— _—51n QQ -Ccos GQ sin @ cos GQ cos ?9~ Zp
6 RELATION OF FLIGHT PATH ATTITUDE TO EARTH FRAME

It is convenient to specify the flight path attitude in terms
of two angles, namely, Vs the angle through which the tangent to the
projection of the flight path on a horizontal plane rotates from its
initial position (parallel to xF) to the point in question and GT, the

inclination of the trajectory to the horizontal at the point in question.

If two successive rotations, *¢T about the Zp axis, and GT

about the new Vg axis are carried out in that order then the xw.axis

will be obtained in *the final set. These rotations are depicted in

Fig. 6.
It is readily seen that
" ' c : ]
Ry = [?os Yo oS 6, sin yq cos 6 ~gin qi] °F ..(20)
I
x|
T -—TC b
Xw = Bl 12 gj _F o0 (21)
IF
| =
LH
say
where
£o
tar WT = 5 +s [ 22)
Vs
1
sin OT = —ZB .« (23)

Using equations (19),(18) and (16) the direction cosines fy,/,
and £5 may be obtained in terms of Pys GQ’ Vo QG) a and B.
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And hence

£

£o

+

cosb

Q

COSWG - sing

sing sinc% cosé

-5in @ cos@  cos e

Q

G

cos GG cos Vg

-sinyg
sin QG cos WG

Q

COSWG + COSch cosé

G

5(51n8Q coscpo sn’ner + 51ncpo cosxpG) +a(sin

cos WG + sincpo cos

cosl Sit’l\l{G

COSY
sin QG snnj;G

51n9G -B cos@ Sll’l\IIG -

Q

G

QG snm};G -

Q

-sin QG
(e]

cos QG

cosfH i
{ Q, sin

sianG + cos € Sinq)o sin

Q

G

cos g, cosq, sind

Q

cos GQ

e}

sin@Q sing,

cos @

sineQ —COSQQ sin cpo

G

%

G

6, cos 1|1G + sin

Q

g.cos cposin GGcos WG"S incposin eGsin\yG~cos QQcos chCOSG

g. cos g

—sinGQ cosq, || Xp
sing, Vg
coseQ cosq EF
.. (k)

} .. (25)

..(26)

— gin i i = i si i + sin ir I, - cos & _sin cos 6 ).
£ (cos(po cosq;G smGQ sing snnle) a (sin GchncposulG cos \E cosqg3 QGSlr Y Q Py o

..(27)

)

G

T
QEIOINISHY
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T. METHOD OF FINDING SOLUTION TO THE ACTUAL TRAJECTORY

The position of the missile at any instant may be specified in
terms of a set of Cartesian co-ordinates (XF, Y ZF> relating to the

oxpypZy set of axes as defined in Sec. 6.

From equations (23%) and (27) of Sec. 6 67 may be expressed
as a function of the parameters Py QQ’ wG’ GG’ o and B. For any

articular trajectory and 6. will be constants and 6 ., A

Q
and B will be functions of time. Hence 1f all the above parameters are
known QT may be expressed as a function of time. Similarly, using

equations (22), (25) and (26), ¥ may be expressed as a function of the

same parameters, and hence also as a function of time.

In Fig. 7 a generalised trajectory has been drawn and the
projection of this trajectory on the oxpyp plane (a horizontal plane) is
shown. An incremental displacement of the missile at some arbitrary
point W on the trajectory is broken up into components in the directions of
T’fioxF, Oy and ozp axes. To relate these components the following need

o be defined:

s 1s the distance measured along the trajectory.
? is the distance measured along the projection of the trajectory
on the horizontal plane.

QT is the instantaneous inclination of the trajectory with
respect to the horizontal (Refer to Sec. 6).

WT is the instantaneous angle between the projection of the

Y
trajectory on the horizontal plane and the OXp, axis (ten WT‘: E_E ). For

XF
equivalent definition of yq refer to ‘ec. 6.

vy (magnitude vp) is the resultant velocity of the missile and

is directed along the tangent to the trajectory.

From Fig. 7 it can readily be seen that the following relation-

ships apply:

arz = ds cos QT
sz = -ds sin O
dxF = ds cos wT
dyp = df sin ygq
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Dividing the above equations by dt and using the relationship
ds

Vp = T we obtain:
dx
F ds
Tt = T cos eT cos WT
= Vp COS 6 cos Y ..(28)
dyp ds .
T = It cos GT sin wT
= vp cos 6 sinyg ..(29)
EEE = e sin 6
at - T dt 4§
- - vp sin eq .= (30

Integrating equations (28), (29) and (30) with respect to time
the co-ordinates of any point on the trajectory may be expressed as a

function of time. Time t is the time elapsed since the moment of launch.

it

Xp = J[ Vp €OS 6p cos yq dt ..(31)
t

yp = dé‘ Vp COS 65 sinyp dt ax £ 32)
t

ZF = = '/O‘ VT Sin QT d.t 09(55)

In the following section no attempt will be made to determine
the co-ordinates of points on the trajectory. Computations will be con-
fined to the determination of the trajectory slope QT’ as a function of

time for a particular case.

8. DETERMINATION OF TRAJECTORY SLOPE ERRORS ARISING IN A SIMPLIFIED
DETERMINATION OF MALKARA TRAJECTORY

8.1 Outline of Method Used in the Error Calculations

Steps 1 to 5 detailed below indicate the method used for the
computation of trajectory slope errors arising in a simplified deter-
mination of a particular Malkara trajectory (path of the missile after

launch).
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Step 1. The locations of the launcher (L), the aimer (A) and the slope
angle ( yp of Fig. 8) of a line joining the aimer and the target (T)
positions will be specified. It will be assumed that, prior to reaching
the target, the missile is brought into a straight path along the AT line
for the "desired" trajectory (defined in Step 2).

Step 2. A trajectory will be specified in conjunction with the L, A
and T positions. If this trajectory is followed exactly, the missile will
eventually line up exactly on the AT line without any correction being
applied by the aimer. This trajectory, so defined, will be referred to as
the "desired trajectory'. The specification for the desired trajectory
will be based on known performance characteristics of the Malkara but, in
practice, it may not be possible to programme the Malkara to follow such

a flight path.

The desired trajectory may be further defined in terms of the
"desired path of the missile in pitch" and the "desired path of the

!

missile in yaw." The desired path of the missile ° pitch is a plot of
the vertical height of the missile (in direction ozp of Fig. 7) as a
function of distance (p of Fig. 7) along the projection of the desired
trajectory on the OXpY plane., The desired path of the missile in yaw is
a plot of the projection of the desired trajectory on the OXp¥p plane

(corresponds to curve oT' of Fig. 7 drawn in the OXpyp plane).

Step 3. The slope angle of the desired trajectory (with reference to
the initial launch attitude), defined as Op, will be determined as a
function of time with the aid of some Malkara performance data. Although
Op is defined in the same manner as QT (except that O 1s measured with
respect to the horizontal plane whereas 6 1s measured with respect to
the initial launch attitude, similar to GG), it has been re-defined here
to distinguish between the slope angle of the "desired" and the "true"
trajectory (defined in Step 4). Similarly yp, which bears the same
similarity to wT‘as ep does to 6mp, will be determined as a function of

time.,

Step 4. The slope angle 6q of the "true" trajectory will be de-
termined as a function of time. The "true" trajectory is defined as the
trajectory predicted by the analyses of the previous sections if the pitch
control signal receives a demand angle equal to 6y (or 6p +a when the

missile angle of attack is taken account of) and if it assumed that the
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rate of yaw rotation r is equal to EJ@. Note that there is no closed loop
control of the yaw rotation. The "true" trajectory will also be subject to
error because of simplifying assumptions but will be sufficiently accurate
to enable approximate computation of departures of trajectory slope from
those given for the desired trajectory. A "simplified" computation predicts

that the true slope will be the same as the desired slope.

(Inverted commas, as used in association with the word "true" in
"true trajectory," will be retained in the text because of the ficticious

nature of the word as used there).

Step 5. The "true" trajectory slope angle 6p obtained as outlined in
Step 4 will be compared with GQ + 6p. The difference will be a measure

of the slope angle errors which arise in the simplified analysis.

8.2 Desired Path of the Missile in Pitch

At the time when this determination was made the desired path of
the missile in pitch included as an invariant, the maximum height of the
missile trajectory above the AT line (actually 61 foot perpendicular to the
AT line approximately). Before firing of the missile the launch angle was
adjusted so that the maximum height of the missile above the AT line would
be as specified above. The specification of an invariant enables a single
valued solution for the desired slope angle to be obtained (essential for

programming the pitch control signal fed to the missile).

It appeared that under certain conditions the use of the in-
variant defined above could result in insufficient terrain clearance. A
proposal was therefore put forward in which the missile elevation at launch
( 71 of Fig. 8) was made invariant and of a value such as to provide
sufficient terrain clearance in all likely cases. A special case of this
latter proposal forms the basis for the desired path of the missile in pitch
to be used in the error calculation. In Fig. 8 the desired path of the

missile in pitch has been drawn.

The following parameters marked in Fig. 8 are defined:
71 is the angle of launch of the missile (equivalent to QQ in

Sec. 5).

2" is the inclination of a line through the aimer and target

positions.
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h is the vertical height of the aimer above the launcher.

hg is the maximum perpendicular distance between the desired

trajectory and a line drawn through the aimer and target positions.

a 1s the horizontal separation between the aimer and the target.
b is the length of the initial linear portion of the trajectory.

The path of the missile in pitch can be broadly divided into

four sections (Refer to Fig. 8).

An initial linear portion (contains boost phase).

(i

)
(ii) A circular portion of radius ry.
(1iii) A circular portion of radius r, corresponding to the pull-out.
(iv) A straight portion directed along the aimer-target line.

The limits below apply for h, a and 7

-50 ft. < h < 50 £,

3yd. < a < 200 yd.
-10° < yp < 10°.

For the specific case under computation assume

7y, = 20°
yp = -10°
h = 50 ft.
a = 300 ft.
b = 300 ft.
r{ = 1950 ft. (which corresponds to

the highest rate of turn in the pitch plane for the Malkara at standard

air density)

r, = 6000 ft.

The expression below for h, has been derived in the Appendix

with the aid of Fig. O.

ho

we

asin yp -hcos yp +bsin (y1- yp) + 1 E—cos(yl = 7Fﬂ « ] k]

Substitution of the values shown above in Equation 34 gives

310 foot.

From the desired path of the missile in pitch drawn in Fig.8

may write:
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hy = 1] +15 - (rl + r2) cos 7
= (r] + ro) (1 - cosn)
hg
cos M = 1 - -IT]—_—:‘_IE ..(55)

Hence in this case

=
1]

16.05° ~ 16°

The missile boost takes place during the initial linear portion
of the flight path. A typical boost consists of an acceleration of 20g
(assumed constant) for 0.67 second. Under these conditions the missile
would acquire a speed of 430 ft./sec. and would have moved a distance of
144 ft. at the end of the boost. It is assumed that the speed acquired at
the end of boost remains constant throughout the remainder of the missile

flight.

From the previous paragraph it can be seen that 156 ft. of linear
motion of the missile follows after the end of the boost till point B
(Fig. 8) is reached. Hence the time taken for this portion will be

0.36 sec..

Rotation at constant angular velocity will occur between points
B and P of Fig. 8. For ry = 650 yd. = 1950 ft. and assuming speed remains
constant at 430 ft./sec., the angular velocity will be 12.6%/sec.,
Similarly between points P and Q (rp = 6000 ft.) the angular velocity will
be 4.1° /sec.. Hence the time to go from B to P will be 3.65 sec. (total
angle 7, - 7p +n 1is L6°) and from P to Q will be 3.90 sec. (n = 167,

Using the results calculated above 6p, defined as the instan-
taneous inclination (measured in the vertical plane) of the desired
trajectory with respect to the initial launch attitude, may be readily

plotted as a function of time as shown in Fig. 10.

8,3 Desired Path of the Missile in Yaw

The desired path of the missile in yaw consists of a straight
portion followed by a circular portion to bring the missile onto the AT
line (Refer to Fig. 11). The missile is assumed to yaw at its maximum
rate of turn during the circular portion. For horizontal flight at
st ndard air density this rate is 11. °/sec.. The rate of turn (in this

special case) in the horizontal plane is assumed, for simplicity, to be
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llo6o/secoa Hence the rate of turn used here may be somewhat unrealistic.
However a "desired" trajectory suitable for error computations is still

defined.

If it is assumed for this special case that the missile ceases
to rotate in yaw 4.69 sec. after launch then & (as indicated in Fig. 11)
= 42.50. Note that the time elapsed till the missile reaches point P in
the pitch trajectory of Fig. 8 (i.e. 4.69 sec.) does not have to be the
same as the time elapsed till the missile ceases to rotate in yaw, but is

merely made equal here for convenience.

Define V- as the yaw angle of Fig. 11 measured relative to the
D

initial launch attitude. Vo is plotted as a function of time in Fig. 12.

8.4 Slope Angle of "True" Trajectory

According to equations (23) and (27) the angles Po> GQ, o)
B, 6¢ and \yG are required for the calculation of the slope angle of

the "true" trajectory (For definition of "true" trajectory refer to Step 4
of Sec. 8.1).
8.4.1  Specification of 6q and @,

The launch attitude is specified in terms of the OXpY pZF frame
and the angles QQ (angle of launch of the missile) and Po (angle of
inclination of the launch vehicle). For this determination assume

¢, = o and put 6g= 71° 20° (Refer to Sec. 8.1).

8.4.2 Determination of o and B

For a steady state turn in pitch it has been found from aero-
dynamic considerations that the following relationship applies
approximately for Malkara:

a = =0.5Thk g -0.0403 radian
(Note that the convention for positive o as defined in Sec, 4 is opposite
to that which is used in many texts).
.. (36)
o= -0.5Thq - 2.3 degrees
where q is measured in degrees /sec.

From equation (10) we have:
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Assuming that 6, is made equal to 6 (Refer to Sec. 8.4.3) then,
with the aid of Fig. 10 and equation (36), o may be tabulated as a function

of time as shown below.

t  sec. 0 - 1.03% 1.03 - 4.69 L. 69 - 8.59 859" 4
q deg. /sec. 0 - 12.6 b1 0
a deg. - 2,35 k,9 - 4.6 - 2.3

rad. - 0.0k40 0.086 - 0.080 - 0,040

Equation (36) is strictly valid only for steady state conditions
and hence the values of (¢ shown in the above table are liable to be in
considerable error in the regions of abrupt change of q (i.e. higher

order derivatives exist at these times).

For a steady state turn in yaw it has been found from aerodynamic
considerations that the following relationship applies approximately for
Malkara,

0.5Th r .. (3T)

B =

ay
Assuming r = = (Refer to Sec. 8.4.4) and neglecting first and

T at
higher order derivatives of r, B may be tabulated as a function of time

with the aid of Fig. 12 and equation (57).

t  sec. 0 - 1.03 1.03 - 4,69 k,69 -
r deg./sec. 0 11.6 0
B deg. 6

rad. 0.116

8.4.3

Determination of Cle}

For an ideal pitch control system (employing a high gain error
sensing amplifier) the angle QG as indicated on the gyro pitch gimbal is
equal to the demand angle fed to the system. Assuming ideal operation of
the control system and assuming the demand angle fed to the system is made

equal to QD’ then QG = 0Op-
(If the missile angle of attack @ were taken into account in the

pitch control then we would put QG = Op - o).

Values of 6 as a function of time may be read from Fig. 10.
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8.4.4  Determination of Vg3

For this determination assume that the rate of rotation about
d e

a

the missile yaw axis is made equal to
: & p
l.€. r = —a_‘t—

It is to be understood that, without the aid of closed loop
control of the missile yaw angle, it would be difficult to arrange for the
missile yaw rotation to be equal to q;D (an arbitrarily chosen angle which
is a function of time as indicated in Fig. 12). However, even though the

d
missile yaw rotation for r = 7;? may be an impractical one, it may still

be used for calculating the order of the trajectory slope angle errors

(defined in Step 5 of Sec. 8.1).to be expected in similar practical cases.

ay
EEP and with the aid of Fig. 12 we may write

Putting r =
¥ = 11.6 [H (t - 1.03) -H (t - l+.69):[ deg./ sec. .0 ( 58]

where H (t - k) is the Heaviside Unit Step Function. It has the value o
for t < k and the value 1 for t > k.

Recalling equation (11)

r = Ej@ cos 6
K7 G
we may write
t
Vg :f) r sec 6, dt e
AV
This integration is allowable since 7T€ is fixed in direction

in space [:along the gyro rotor spin axis:] and r has been made an in-

dependent function.
For the range o<t <1.035 sec. V¥ c = 0

For the range 1.03 sec. < t< L4.69 sec.

\pG = 11. 6f sec 9 at deg.
and Bs = -12.6 (t - 1.03) deg.
;v
H (deg.) = 11.6 sec |12.6 (t - 1.03)| dt
ence Vg g 1.03 ]: ]
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Vg (rad) = ig 1n l:sec ’:12.6 (t = 1.055_] + tan [12.6 (t = 1.03]]
52.8 1n {sec [12.6 (t = 1.05£|+ tan [12.6 (t = 1.05] } a0 )

For t > 4.69 r = o and Vo remains constant at its value at

‘JIG (deg)

4,69 sec.
Using equation (40) wG may be plotted as a function of time as

shown in Fig. 13,

8.4.5 Determination of 6

Substituting Py = 0 in equation (27) and using equation (23)

we obtain:

sin 6, = sin g . cos 6o cos ¥,

T Q

+cos 6. sin 6

Q G
- B sin GQ sin Ve

+¢q (cos 6. cos 6y - sin 6, sing cost) el D)

Q Q G

where 6., is the slope angle of the "true" trajectory.

All variables on the R.H.S. of equation (41) are known as

functions of time and hence 6., may be calculated as a function of time.

T
8.5 Trajectory Slope Errors

In the simplified determination it is assumed that the actual
trajectory slope angle is given by QD' Define the trajectory slope angle
error as the difference between the "true" trajectory slope angle and the

desired trajectory slope angle QD + GQ (referred to the OXpYp plane).,

og = 8p - ( 0g eD) Ty
If we make GG- = QD then
By = B = ( g * eG)

Equation (41) may be re-arranged to enable 6 _ to be expressed

E
explicitly. The third term on the R.H.S. of equation (41) contains B as

a coefficient and hence will be zero when the missile ceases to rotate in

yaw (i.e. when dWG B > for zero wind conditions. Hence this term does

dt
not contribute here to the final steady state slope error.
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For B = 0 we may write using equation (41):

{ - i % + si - i
sin 6, cos 6, (81neG o coseG) singy cos ¥, (cosGG_ o 51n6G)
~ cos 6, sin (@, ta ) + sin@. cos cos g +
since ¢ is small
i — i + + - l - i +
sin 6, sin (QQ 6, *Q ) ( cos wG) sin QQ cos ( Bl a)
~ i + + -
sin ( GQ 8y a € ) .. (43)
{1 ~ COS\yG) sin 6. cos (6., + a )
where ¢ = arsin Q G Lo(h)
% +
cos (GQ QG (07 )
and € 1is assumed to be small.
Hence QT = GQ + QG + i — €
and 0p = @ - ¢ (Putting 0g = QD in equation (42))
for g = 0O

It is to be noted that e 1is a function of o, but o only

slightly modifies the final steady state value of ¢

It is of interest to note the trajectory slope errors for two

special cases.

(1) 962= 0 (Launch attitude horizontal for which gyroscope rotor

spin axis is vertical).
In this case ¢ = O (See equation (L4k4))

and QE =

Errors in trajectory slope are therefore due entirely to the

neglect of « in the programme fed to the pitch control system.

If o is taken into account in the programme fed to the pitch
control system such that QG = GD - o , then GE = 0 and no slope
errors are predicted.

It is to be emphasised that yaw rotation, wG’ does not give
rise to any errors for this special case of the rotor spin axis

vertical,
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(2) b = 0 (No turning in yaw)

From equation (44) e = 0 and hence 6p = @ . Once again the
trajectory slope errors are due to the neglect of o 1in the programme fed
to the pitch control system. If ¢ is taken into account in the programme

fed to the pitch control system then no slope errors are predicted.

For the more general case under analysis ¢ 1s the slope error
which arises because the gyroscope rotor spin axis is not vertical. In
such an instance a yaw rotation will be accompanied by a gyro-forced roll
rotation and a corresponding reduction in pitch. This may readily be
understood by considering the extreme case of Vo = 90° and 6g =0 as
illustrated in Fig. 14. In the launch position the gyroscope rotor spin
axlis coincides with the 2y axis. After a rotation of 900 about the Zy axis
(‘Uq = 90°) the gyroscope rotor spin axis must still remain fixed in
diréction relative to the earth and hence the missile will roll by an
angle + GQ’ At the same time the body pitch will be reduced from + QQ to
zero (missile now flying horizontal) although the gyro pitch angle will not
have altered. Any command in pitch given to bring the missile from the

launch elevation to the horizontal will therefore, in this case, cause it

to dive at the magnitude of the launch elevation.

Using equation (4L1) 6., has been plotted as a function of time

T
in Fig. 15 for the special case of 6, = 209,
«

QE as given by equation (42) (angle of attack of missile not
taken into account in the programme fed to the pitch control system) has
been plotted in Fig. 16. This graph reveals abrupt discontinuities
corresponding to the points B, P and Q of Fig. 8. These discontinuities
would not occur in the practical situation and have been introduced
because each phase of the trajectory has been assumed to be a steady state

one, In practice gradual instead of abrupt changes would occur.

The graph of Fig. 16 shows that substantial errors arise in the
"simplified" determination of the Malkara trajectory when a simultaneous
yvaw manoeuvre is performed. The error term containing the sideslip
angle B 1is zero except when actual rotation in yaw takes place. The re-
maining error is & - €. Error angle (¢ arises due to neglect of the
missile angle of attack in the programme fed to the pitch control system.
Error angle ¢ arises because yaw rotation takes place when the gyroscope

rotor spin axis is not vertical.
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It is clear from Fig. 16 that the slope errors are such as to
tend to steer the missile under the target (and hence into the ground )
if no manual corrective action is applied. For the particular case
analysed the simplified solution for the trajectory slope gives a final
slope angle about 8° above that given by the more precise analysis of

this paper.
Hence the final slope error angle

o
bp = @=8 = = 8

From 8.4.2 the final v .lue of @ is -2.3° and hence the final

value of ¢ 1is +5°TO.

If the missile angle of attack had been taken into account in
the programme fed to the pitch control system such that GG = QD = 0
then the final slope error would be changed from - 8° to - 2

9 CONCLUSION

It has been shown that substantial errors can occur in the
estimation of trajectory slope if the method of solution neglects the
angle of attack of the missile and the effect of a simultaneous yaw
rotation when the gyroscope rotor spin axis is not vertical (which will
occur if the missile launch attitude is not horizontal). Moreover the
indications of the determination are that a programme based on a
"simplified" (Refer to "Definition of Terms") solution to the trajectory
would tend to cause the missile to undershoot the target and possibly
hit the ground prematurely, if the controller did not make manual

correction.
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APPENDIX

Expression for hg

hy, the maximum perpendicular distance between the desired path

of the missile in pitch and a line drawn through the aimer and the target

positions, may be readily derived from the geometric projections drawn in

Fig. 9.

FJ
GJ

EC

DC

= FH (where "FH" represents the distance between points

F and H marked in Fig. 8).
= FG + GH
= (FJ -aJ) + (EC - IC)
= rpcos ( 7y - 7p)
= BC cos TR
= (b sin y; -h) cos yp
= AC sin ygp
= (b cos 71 - a) sin 7F

a sinyp - h cosyp + b (siny; cosyy - cosyy sinyp)
+1r) - I COS (7 - 75)

= a sinyp - h cos?; + b sin (7l -%p) trp [?—cos(7l = 7Fﬂ.
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