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SUMMARY 
Demodulators typically include low pass filters to recover signals from wideband 

frequency modulated carriers. Multispeed analogue tape machines normally require the 
carrier frequency to be set to a value proportional to tape speed. Reproducing hardware 
usually includes sets of filters, with bandwidth proportional to tape speed, for use with 
the demodulators. By dividing the frequency of the reproduced signal, a filter corresponding 
to a lower tape speed can be used and low pass filtering of recorded data signals can be 
readily achieved. However some unwanted noise components can be generated. These 
noise components are examined critically and a method of reducing them is demonstrated. 
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1. I N T R O D U C T I O N 

The need sometimes arises to record signals over large bandwidth using frequency modu-
lation (FM) techniques and subsequently low pass filter the reproduced signals. Such a require-
ment has recently arisen in the acquisition of vibration data f rom an aircraft fitted with acceler-
ation sensors. There are two main areas of interest relating to the vibrat ions: 

(i) To obtain informat ion on the total vibration environment the ampli tudes of acceleration 
components with frequencies up to about 2 kilohertz (kHz) are required. Time correl-
at ion between vibrations sensed at different points is not a requirement in this case. 

(ii) Vibrat ions with frequency components u p to about 30 H z are of interest for flutter 
analysis. Ampli tude and phase correlation between vibrations sensed at different points, 
or at the same point but in different directions, is necessary. 

Normally the ampli tude plots required for (i) would be obtained using a spectrum analyser 
and the analysis required in (ii) would be performed with the aid of a digital computer . In the 
latter instance the analogue vibration data must be regularly sampled and converted to digital 
form. To prevent the introduction of aliasing errors in this case low pass filtering of the repro-
duced data is necessary. 

As tape recording tracks are usually in high demand in applications involving the acquisition 
of vibration data on aircraft , it is expedient to use the same sensor to provide signals to meet 
both requirements. 

By dividing the frequency of the reproduced F M signal (before demodulat ion) the da ta 
can be transferred to a lower carrier frequency and a s tandard demodula tor filter with corres-
pondingly lower bandwidth can be used. Hardware 1 for such frequency division has been manu-
factured at these laboratories. Because the demodula to r filters are usually fairly well matched 
in their ampli tude and phase characteristics their use for da ta signal filtering, with require-
ments such as detailed in (ii) above, represents quite an advantage. 

This report indicates how the s tandard demodula tor filter can be used to meet the filtering 
requirements for the specific case cited above. However the techniques described can be readily 
extended to other filtering applications. 

When the demodula tor filters are used in this non-s tandard manner for da ta filtering 
purposes noise components of significant ampli tude can be generated in the demodula tor 
output . A detailed analysis of these noise components together with details on techniques which 
can be used to reduce them are included in this report . 

2. D E T A I L E D E X A M I N A T I O N O F R E Q U I R E M E N T F O R L O W P A S S F I L T E R I N G A N D 
T I M E S C A L E E X P A N S I O N O F R E C O R D E D DATA 

Airborne magnetic tape recording equipment and ground station reproducing equipment , 
available at these laboratories for use in the application mentioned above (Sec. 1), are multispeed 
machines fitted with Intermediate Band 2 F M electronics. Carrier frequency and available 
bandwidth are given as a function of tape speed in the following table. 

Tape Speed cm/s (Approx.) 152 76 38 19 9 - 5 4-75 
ips (60) (30) (15) (7-5) (3-75) (1-875) 

Carrier Frequency k H z 108 54 27 13-5 6-75 3-375 

Da ta Bandwidth kHz 
{ + 1 dB (decibel) passband} 20 10 5 2 -5 1-25 0-625 

1 



To conserve tape, the lowest tape speed which will allow adequate da ta bandwidth to be 
obtained, is normally used. To accommodate the required 2 kHz bandwidth (Sec. 1) a tape 
speed of 19 cm/s ( 7 | ips) is selected. 

For the flutter analysis under consideration, components with frequencies up to about 
30 Hz are of interest. Low pass filtering with cut-off frequency above 30 Hz (say somewhere 
in the vicinity of 60 Hz) is required. 

For the particular computer analysis to be used it may be assumed that the conversion 
rate per channel is limited to 50 samples per second, ff six samples per cycle of the maximum 
frequency of interest (30 Hz at the time of recording) are assumed to be desirable then the maxi-
m u m frequency of interest must not appear as more than about 8 H z ( x 50/6 Hz) at the input 
to the converter. To satisfy this latter condit ion it is essential that the reproducing time scale 
be expanded by at least a factor of 4 relative to the recording time scale. 

3. U S E O F F R E Q U E N C Y D I V I S I O N T O M A K E P O S S I B L E L O W P A S S F I L T E R I N G 
U S I N G S T A N D A R D M A G N E T I C T A P E R E P R O D U C E R H A R D W A R E 

Intermediate bandwidth F M systems usually employ pulse averaging3 '4 demodula tors as 
these are very suitable for handling wideband data . Normal ly a constant durat ion, constant 
height pulse is generated for every zero crossing of the reproduced F M signal. Because there 
are two zero crossings per cycle of the F M signal, the carrier frequency is effectively doubled. 
The train of pulses thus generated is taken to the input of the demodula tor low pass filter which 
separates out a D C component (which must be backed of f ) and the modulat ing signal. Various 
other higher frequency sideband components are present in the input to the filter. In most 
applications separation of the modula t ing signal f rom the unwanted sideband components is 
the chief funct ion of the low pass filter. 

When the demodula tor filters are considered for use in the filtering of recorded data their 
per formance outside the passband takes on new significance. Because the frequency of modulat ing 
signal components may extend well beyond the carrier frequency which results after frequency 
division the generation of unwanted sideband components with frequencies within the filter 
passband can take place. These components will be analysed subsequently (Sec. 5). 

The eight channel frequency divider1 , developed to facilitate low pass filtering of recorded 
data , provides division factors in binary steps f rom 1 to 32 (i.e. six factors). Division by a factor 
which is a power of 2 was adopted simply because the range of tape speeds available for the 
tape machine considered follows a binary sequence. In general division by factors which are 
not a power of 2 may be used but the carrier frequency, which results af ter division, would not 
then correpond to s tandard demodula tor settings. In this latter case a D C shift with restrictions 
also on dynamic range would result when the data are demodulated. 

It is convenient to define the " co rne r " frequency as the nominal ± 1 dB (decibel) filter 
passband limit which ranges f rom 20 kHz for 152 cm/s F M reproduct ion to 625 Hz for 4-75 cm/s 
F M reproduct ion as indicated in the table of Section 2. 

To see whether a filter with corner frequency in the vicinity of 60 Hz can be obtained with 
the aid of the frequency divider, the ratio ro of the recording band limit to the desired filter 
corner frequency is calculated. 

Thus yd = 2500/60 = 41-7 for the application considered. 
However the particular frequency divider available will allow only ratios which are a 

power of 2. The nearest actual ratio rA which can therefore be used is 

rA = 32 = 25 

In general rA = 2N where N is the frequency division switch setting1. 
Using a division factor of 32 the low pass filter corner frequency is set to 2500/32 Hz 

(i.e. 78 Hz). 
To perform the filtering in one pass of the tape without the introduction of an intermediate 

" c o p y " the recorded tape must be reproduced at 152 cm/s. Division of the F M signal frequency 
by 32 actually transfers the data to a lower carrier frequency (3375 Hz, equal to 108000/32 Hz). 
This transfer causes high frequency components to be irretrievably lost but the main frequency 
selection, with any associated ampli tude and phase shifts, occurs when the signal is demodulated. 
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The act of reproducing the data at 152cm/s (60 ips) rather than 19cm/s ( 7 | ips) causes 
the data frequencies to appear 8 times higher than they were at the time of recording. Thus the 
78 Hz cut-off frequency appears in real t ime as 625 Hz ( x 8 x 78 Hz) and the 30 H z max imum 
frequency of interest as 240 Hz. 

If the analysis system could handle a da ta bandwidth of 625 Hz it would be sufficient to 
reproduce the recorded data , per form the frequency division using a factor of 32, demodula te 
using a 4 -75 cm/s (1J ips) filter, and digitize the data without producing a filtered tape copy. 
In that case 8 seconds of recorded data would be digitized in 1 second. 

For the flutter analysis the digital equipment will no t allow a 625 Hz bandwidth to be 
achieved. As indicated in Section 2 the conversion rate is limited to 50 samples per second and 
the time scale at the time of the digital conversion must be expanded by at least a factor of 4 
relative to the recording time scale. If a factor of 4 is adopted the figures given in the following 
table apply. 

Frequency 
at the time 

of recording 

Frequency at the 
time of the digital 

conversion 

Samples per cycle at 50 Hz 
sample rate 

(at time of digital conversion) 

Signal of maximum 
frequency of interest 30 Hz 7 -5 Hz 6 -7 

Signal at low pass 
filter corner frequency 78 Hz 19-5 H z 2 -5 

To achieve a time scale expansion of 4 relative to that at the time of recording the following 
operat ions need to be pe r fo rmed: 

(i) The F M signal which has its frequency divided by 32 for filtering purposes needs to 
be demodulated using a s tandard 4-75 cm/s ( I f ips) filter for intermediate band tape 
systems. 

(ii) The demodulated ou tput f rom (i) needs to be taken to an F M recording module aligned 
for 152 cm/s (60 ips) intermediate band (108 kHz) recording and plugged into a tape 
copying machine. 

(iii) A "f i l tered" tape copy is to be produced by recording on the copying machine at 
152 cm/s. This copying process sets the filtered data corner frequency to ^ of the 
available bandwidth at this recording speed. The time scale "expans ion" relative to 
that at the time of recording is §. 

(iv) The filtered tape copy is to be reproduced at 4 -75 cm/s and the ou tpu t of the demo-
dulator , aligned for that reproducing speed, is to be coupled to the analogue to digital 
converter. As the data are contained in the lowest ^ of the available bandwidth 
negligible changes in the ampli tude or phase characteristics should arise in this last 
demodula t ion stage. The time scale expansion relative to (iii) is 32 and that relative 
to the time of recording is 4. 

With the arrangement detailed above it takes four seconds to convert every one second 
of recorded data (referred to original time scale). 

Simultaneous handling of multiple channels of da ta is possible, thus allowing time cor-
relation. 

4. P E R F O R M A N C E O F L O W P A S S F I L T E R 

The performance of a low pass filtering system meeting the requirements detailed in the 
previous section has been evaluated using hardware available at these laboratories. To do this 
a tape recording consisting of multiple tracks of simultaneously recorded swept sinewave signals, 
and a track on which was recorded a voltage propor t ional to frequency, was prepared. Recording 
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using F M techniques was performed with a 7-track model FR1260 tape system manufac tu red 
by Ampex Corpora t ion. Full ampli tude (producing ± 4 0 % carrier deviation) swept sinewave 
signals were simultaneously recorded on tracks 1, 3, 5 and 6 and a voltage propor t ional to 
frequency on track 7. 

Using the hardware ar rangement indicated in Figure 1 a filtered tape " c o p y " was produced 
at 152cm/s (60 ips) tape speed as outlined in the previous section. In format ion reproduced on 
tracks 3 and 7 was copied1 without demodulat ion and that f rom tracks 1, 5 and 6 was filtered 
pr ior to being "copied" . 

Two frequency sweeps were recorded on the original tape (and subsequently copied), one 
extending well beyond the passband limits of the filter and one just encompassing the passband. 
When the filtered data were reproduced a t 152cm/s (using the wide frequency range sweep) 
together with a channel of da ta which had not been filtered, the response curves of Figure 2 
resulted. Since, for the part icular example under consideration, the passband of the filter had 
been located at approximately the lower ^ of the available bandwidth of the " c o p y " channel 
the relative shape of the filter response curves (for both ampli tude and phase) would be virtually 
independent of the speed (and hence the demodula tor filter) used to reproduce the copy. 

A series of double " h u m p s " (Fig. 2) with maximum ampli tudes near 2 fc (where fc is the 
carrier f requency which results after frequency division and equals 3-375 k H z for 152cm/s 
reproduct ion) is to be noted outside the passband of the low pass filter. These " h u m p s " will be 
considered in more detail in Section 5. 

Using the reduced frequency range sweep (up to 1 • 75 times the nominal bandwidth [response 
within + 1 decibel] of the low pass filter) the low pass filter response of Figure 3 was auto-
matically plotted. Because the characteristics of the various demodula tor filters are not perfectly 
matched some variat ion in response curves would result if a different filter were used. 

Using the signal copied (unfiltered) on track 3 (Fig. 1) as the phase reference, the phase 
of the filtered signal " cop i ed" on track 5 was plotted as a funct ion of frequency as indicated in 
the lower graph of Figure 3. 

The extent of the phase mismatch between signals passed through different filters is of great 
significance especially where correlation of the signals is impor tant . In Figure 4 the phase mis-
match between signals recorded on tracks 1 and 5 (same head), and between signals recorded 
on tracks 5 and 6 (different head) is plotted. For the specific example considered here the filtered 
outputs f rom tracks 1, 5 and 6 match to within 2 -5 degrees for 0 to 60 Hz bandwidth where 
the frequencies are referred to the recording time scale (19 cm/s for which the bandwidth is 
2 -5 kHz). 

5. A N A L Y S I S O F U N W A N T E D S I D E B A N D C O M P O N E N T S 

As indicated in Section 4 a series of double " h u m p s " is observed in the ampli tude response 
(filter ou tput versus frequency of modulat ing signal) of the low pass filter. Nodes occur at 2 f c , 
4 fc, 6 fc etc. where fc is the carrier frequency which results after frequency division (3 • 375 k H z 
for the example under consideration). In each case antinodes are observed at a separation f x 

f r o m the node frequencies. For each ant inode fx is approximately equal to 0 - 2 fc (equal to about 
670 Hz for 3-375 kHz carrier frequency). However the frequency of the components observed 
at the ou tpu t of the low pass filter is f x in each case. Since fx is jus t beyond the corner f requency 
of the low pass filter, components at this frequency effectively fall within the filter passband and 
filtering of these unwanted components f rom desired components is impossible af ter frequency 
division as outlined in Section 4. 

In the low pass filtering example of Section 4 a wideband signal was used to modula te a 
high frequency carrier and the frequency of the modula ted signal was later divided to make 
the carrier frequency compatible with a filter having lower cut-off frequency. It has been shown 
experimentally that identical " h u m p s " occur if the wideband signal is taken directly to a modu-
lator set to the lower carrier frequency, and the modula ted signal is later demodula ted . 

For the purpose of the analysis of unwanted sideband components it is therefore adequate 
to consider a low frequency carrier modula ted with a wideband signal the frequency of which 
extends well above that of the carrier. When such a signal is taken to a pulse averaging demo-
dulator (Sec. 3) the low pass filter will receive at its input a train of constant width, constant 
height pulses starting at each zero crossing of the F M signal. 

4 



In order to examine analytically the generation of sideband noise components a Fourier 
analysis may be performed on the train of pulses received at the low pass filter input. Any 
sideband components (excluding components at modula t ing frequency) with frequencies in the 
low pass filter passband will give rise to unwanted noise components . 

M o n s o n 5 has considered the frequency spectrum of the input to a low pass filter used in a 
pulse averaging demodula tor . He analyses the ou tpu t f rom an F M mult ivibrator system and 
shows that there is an equivalence between the mult ivibrator F M and pulse posit ion modula t ion 
(PPM). It will now be shown that such equivalence applies equally well for pulses generated 
at the time of the zero crossings of a modula ted sinewave. 

T o a first approximat ion the F M ou tpu t f r o m the tape reproducing head may be considered 
to be a constant ampli tude frequency modula ted sinewave signal. In practice the ampli tude 
and phase will be frequency dependent but the net effect of such variations on the time of the 
zero crossings will be small. 

The instantaneous radian frequency a> of the modula ted carrier signal e(t) may be ex-
pressed as 

(JO = tOc WcL 

where coc is the radian frequency of the unmodula ted carrier and cod is the instantaneous radian 
frequency deviation. 

cod may be expressed as 

ojd = A em{t) 

where em(t) is the modulat ing signal which is a funct ion of time t and A is a modula t ion constant . 
The instantaneous phase 6 of the modula ted carrier signal e(t) is given by 

• dt 

Thus we have 

e{t) = E sin Ö 

= E sin (coct + aid dt + </>o) (1) 

where E is the ampli tude of the modula ted carrier signal and <f>o is a constant of integration 
dependent on the initial value of e(t). 

If tr-i and tr are the times of consecutive zero crossings (two per cycle for the demodula to r 
under consideration) then 

Pr-l = t 

= (*>c (tr — tr-1) + 

tr — tr-1 = 

coa dt 
tr-1 

To 
2 Ml [ rt 

'r 1 Ml cod dt — a>d dt 
7T lJ 0 J o 

(2) 

where Tc is the period of the unmodula ted carrier signal. 

For P P M the value of each instantaneous sample of the modula t ing wave is used to vary 
the position in time of a pulse relative to its unmodula ted time of occurrence. If sampl ing 
coincides with the time of appearance of the position modula ted pulse the sampling is said to 
be "na tu ra l " . For P P M with natural sampling the change in position of the r t h pulse is given by 

tR = [a S(tr)] Ta (3) 

5 



where Ir is the time of occurrence of the r t h pulse when there is no modulat ion, 
S(tr) is the value of the modula t ing signal S(t) at t ime tr, 
a is a modula t ion constant , 

and T0 is the repetition period of pulses in an unmodula ted pulse train. 
The time between successive pulses is given by 

tr - tr-1 = To [1 + a {S(tr) - 5(?r_x)}] (4) 

Compar ing equat ion (4) with (2) the equivalence between the low pass filter input and a 
P P M signal is readily seen, giving 

To = 
To 
2 

and a S(t) = — -
7 

<»a dt (5) 
0 

For the present analysis a cosinusoidal frequency deviation will be considered. 

Let uia, = coD cos cumt (6) 

where w m is the radian modula t ion frequency and wD is the peak frequency deviation. 

o>D 
In this case a S(t) = sin wmt (7) 

7TU)m 

The modulated carrier signal e(t) is now given by 

to d 
e(t) = E sin (wct -| sin wmt) (8) 

OJm 

if d is arbitrarily set equal to zero at t = 0 (i.e. a zero crossing occurs at t = 0). 
The spectrum of a P P M signal has been considered by a number of authors including 

Krauss and Ordung, 6 Black7 and Carlson8 . As the sideband components of interest in the 
present investigation are generated when the modula t ing signal frequency is either in the vicinity 
of the repetition rate of the unmodula ted pulse train or in excess of that rate, the simplifying 
assumptions which are commonly used are not valid here. The analysis by Black is suitable 
and will be considered here. However a detailed analysis of the P P M spectrum is no t given 
by that author , but an expression (apparently derived f r o m unpublished work by Edson) for 
comput ing the value of the Fourier coefficients is given. Black does provide a detailed analysis 
of the pulse durat ion modula t ion ( P D M ) spectrum for natural sampling using a double Fourier 
series approach based on work by Bennett9 on the evaluation of modula t ion products which 
arise when two signals of different frequency are added together and applied to a rectifier. The 
close analogy between P P M and P D M is well known, and it will be shown that the spectrum 
of the former can be readily derived f rom that of the latter. Bell and Sergent1 0 also consider 
the spectrum of a P D M signal. 

Consider a P D M signal for which the leading edges of the pulses are spaced at regular 
intervals and for which the trailing edges are varied relative to the leading edges according to 
the value of the modulat ing signal at the time of the trailing edge transit ion (natural sampling). 
Thus the trailing edges follow exactly the same relationship (equation 3) as the P P M signal. 
The following expression for a P D M signal F\(t) with natural sampling and trailing edge modu-
lation is given by Black. 

, . M » s i n mcoot » Mm-nM) 
h(?) = « + ~ cos comt + 2- sin {mcoct — Imtrk} 

2 m = i mn m = 1 W77 

" UmnM) . ( mr\ 
— Z, L sin [m coct ncumt — 2mirk — — I (9) 

m = i „ = ±i mn \ 2 J 

where 2tt/wc (or To) is the repetition period of the pulses (leading edges), 2-nk\wc is the durat ion 
of unmodula ted pulses, m and n are integers, and (M/2) cos wmt is the modulat ing signal as 
specified in the following expression for the durat ion Tr of the /-th pulse. 

6 



Tr = To [ k + ~ cos comt (10) 

Jn(z) is the Bessel f u n c t i o n 1 1 of the first k ind with a r g u m e n t z and o rder n. In in tegra l 1 1 f o r m 

Jn(z) = - cos (z sin <f> — n<f>) d<j> 

0 

W h e n n is an integer (which is the only case we need consider fo r this analysis) 

J-n{z) = ( - 1 y j n ( z ) = M ~ z ) 

F o r small values of z as given by H i l d e b r a n d 1 2 

1 

and 

Jn{z) ~ - - — z " 
2n n\ 

( - 1 ) " 

2n n\ 

01) 

(12) 

in the sense t ha t the ra t io of the two quant i t ies connected by the symbol ~ approaches uni ty 

as z app roaches 0. 

A leading edge of one of the P D M pulses is assumed to occur a t t = 0 and the pulse height 

is considered to be uni ty . 

T h e P D M spec t rum of equa t ion 9 may be wri t ten m o r e generally as 

M 
F\(t) = k + y cos u>mt 

00 sin wct 

= i mn 

00 JnimirM) 
- E E 

m = 1 n= — oo mn 
sin ^ m [ ojct — 2-rrk ) + n ( iomt — - (13) 

where the first term is the D C c o m p o n e n t , the second te rm is the modu la t i on c o m p o n e n t , the 

thi rd t e rm represents a s awtoo th wave of negative slope and a b r u p t t ransi t ion a t t = 0 (Krauss 

and O r d u n g consider pulse modu la t ed signals of var ious f o r m s as being the s u m m a t i o n of 

s awtoo th waves), and the f o u r t h t e rm varies with the m o d u l a t i o n . 

Cons ider n o w a P P M pulse t ra in with pulses of du ra t i on 2irklwc . Assume the leading edge 

is m o d u l a t e d accord ing to na tu ra l sampl ing of the m o d u l a t i n g signal (given by (M/2 ) cos wmt as 

before) , a n d fu r the r assume a leading edge t rans i t ion occurs a t t = 0. T h e t ime func t i on F2(t) 

of the P P M signal can then be wri t ten simply as 

F'¿(t) = Fx wct, t — • 
Ink 

, k \ — Fx \ wct, cu mt, 0 (14) 

where Fi(u)Ct, a>mt, k) = Fi(t) as defined by equa t ion 13. 

Subs t i tu t ion into equa t ion 13 yields 

OO 00 

^ 2 ( 0 = k + M s i n —kn sincomlt - — ) + E E 
ü)c \ Oic] 

Unim-nM ) 

m 1 n — oo 

sin <(( m + n — J krr > cos \mwc 

m-rr 

( kn\ 7r 

' " ¡ r j - 2 

(15) 

If the m o d u l a t i n g signal (M/2 ) cos tom t is changed to (M/2) sin wmt (equivalent to (M/2) cos 

(ojmt — tt/2)) the modif ied t ime func t ion , Fs(t) say, is ob ta ined by replacing wmt in equa t ion 15 

with wmt — tt/2. T h e final t e rm then becomes n {<vm(t — kn/ajc) — it}. 

7=3(0 = ( - 1 ) " E 
AM = — CO «= — 00 

Jn(mnM) . (f wm\ J Í / krr 
sin < \m + n — ) kn > cos < mojc í 

mn \ wcJ I \ co 

+ na>m y — 
k-n 

U) 
(16) 



The D C term is obtained by substi tuting n = 0 and letting m approach 0 in equat ion 16, 
and using relationships 11 and 12. 

The spectrum of the low pass filter input can now be easily written down. F r o m equations 
3, 7 and 10 the shift of the rth pulse is given by 

<*>dTO . 
tr — Ir = sin comt 

TTO)m 

codTO ( n 
COS ojmt + . — i « 7T(Um \ I 

M wo 
and — = 

2 7T(Om 

_ _ 0 ojD TTM 
Define = — = 2 

Thus the required spectrum F4O) is obtained by substituting 2a>c for a>c, 2/3/tt for M and 
o>mt + n/2 for a>mt in equat ion 15. 

, 2/3 . wm , r ( krr » » 2Jn(2mp) 
Fn(t) = A: + — sin - — k-TT COS < a)m I / — - — ) > + x E 

2coc I \ 2u>cJ] m=I „ = _«» mv 

sin + n t̂t | cos | 2mwc — + m>m ^ t — (17) 

If the zero time reference (/ = 0) were shifted to the middle of the first pulse then t — &7r/ajc 

in equat ion 17 would be replaced with t. 
The ( — 1)" factor in the P P M spectrum of equat ion 16 has not carried through to the F M 

demodula tor low pass filter spectrum of equat ion 17 and indeed would not have been included 
in equat ion 16 if the modula t ing signal had been defined as — ( M / 2 ) sin wmt. Al though it was 
of no consequence in his analysis, Monson seems to have overlooked this point as he indicated 
a negative sign for the componen t at the modula t ing frequency. 

F o r convenience equat ion 17 may be replaced by the following equat ions 

Fi{t) = COS | 277 f m [ t ~ \ 

+ i: E ^m»cosi 27r(2mfc + n f A i t (18) 
7 = 1 

2Jn[2m~ 
Jm . /„ , , r \ k it 

2 

Amn = ^ — - sin mfc + n f m j — | (19) 

where fc = tuc/27r, fm — ojm/27r, fa — ojd!2tt and to is the pulse durat ion. No te that now 
2nk = (2a>c)to or k — 2fc to-

It was indicated, for the filter example under consideration, that for the ma jo r ant inodes 
in the response (filter ou tpu t versus modula t ing signal frequency) the observed filter ou tpu t 
f requency was f x (approximately equal to 0 - 2 fc or 670 Hz). The various values o f f m required 
to yield a significant sideband componen t at fx f requency and the relative ampli tude of such 
components are of interest and will be tabulated shortly. 

The required sideband frequency can be expressed as 

f x = | 2 m f c + nfm | (20) 

and values of modula t ing frequency which produce that sideband frequency are given by 



yfx - 2 mfc 
(21) 

- 2 (m + 0 1 ) 
fc (substituting y f x = ± 0 - 2 fc) /7 

where 
2 mfc + nfm 

Y = j 
JX 

Compar ison of the ampli tude of the sideband component with that of a modula t ing frequency 
component , for fm small, will be made for a frequency deviation a m p l i t u d e / d equal to 0 - 4 f c 

in each case. For fm small, the ampli tude A0i of the component at frequency fm is given by 

Aoi = — k 
Jc 

For the particular F M demodula tor used the ratio k of the pulse dura t ion to to the pulse 
repetition period 1 /(2/c) for zero modulat ion was found by measurement to be 0 • 45 approximately. 

Thus Aoi = Q-Ak 

= (0-4) (0-45) 

= 0 1 8 

(i.e. 18% of the ampli tude of the pulses). 
F r o m equation 19 the ampli tude of the relevant sidebands may be written in general form as 

(22) 

y m 

The ratio Aran !Aq\ becomes 

(23) 
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The normalized ampli tude of the relevant sideband components as given in equat ion 23 
is tabulated below. 

Sideband Rat io of Modula t ing Sign of y Normal ized Ampli tude* 
Componen t to Carrier Frequency of Sideband Componen t 

A mn . fm —2(m + 0-1) 2m + na Amn 
fc n y ~ \2m + na| AQI 

m n 

1 - 2 0 - 9 + 1 + 0 - 0 4 5 
1 - 2 1 1 — 1 - 0 031 
1 - 1 1 -8 + 1 - 0 - 1 0 8 
1 - 1 2 -2 — 1 + 0 - 0 8 8 
2 - 1 3 -8 + 1 - 0 - 0 5 1 
2 - 1 4 -2 — 1 + 0 - 0 4 6 
3 - 1 5 -8 + 1 - 0 - 0 3 4 
3 - 1 6 - 2 — 1 + 0 - 0 3 1 
4 - 1 7 -8 + 1 - 0 - 0 2 5 
4 - 1 8 - 2 — 1 + 0 - 0 2 4 

* A negative sign simply indicates the initial phase of the cosinusoidal spectral component 
(equation 17). 

The analysis of this section, the results of which are summarized in the preceding table, 
predicts that the most significant sideband component will be generated when the modula t ion 
frequency is 1 - 8 f c (equal to 6 08 k H z for 3-375 k H z carrier frequency) and that it will have a 
relative ampli tude of abou t 10-8%. The calculated ampli tude of the component which arises at 
this modula t ion frequency and of those at other ant inodal frequencies agrees closely with the 
measured response as detailed previously in Figure 4. Some slight reduction in the ampli tude 
of the f x sideband component is to be expected as it passes through the low pass filter since 
the response has started to "roll o f f " at f requency fx-

Consider now f x as a variable frequency as defined by equat ion 20 for n = —1. When f x 
is in the vicinity of the filter corner frequency (e.g. f x — 0 - 2 / c as considered above) the filter 
ou tpu t will appear sinusoidal. When fx is much lower than the filter corner frequency, the filter 
ou tpu t will appear non-sinusoidal (noted experimentally) because of the presence of harmonics . 
As an example the summat ion of the part icular spectral components listed in the following 
table results in the generation of a non-sinusoidal signal of fundamenta l frequency f x at the 
ou tpu t of the filter. 

Value of m Value of n Frequency of 
Spectral Componen t 

Comment 

1 - 1 f x , 2\fc —fm Fundamenta l 
2 - 2 2fx, 4 / c - 2fm Second harmonic 
3 - 3 3/z, 6/c — 3\fm Third harmonic 

As f x ^ 0 (i.e. fm -> 2mfc) the ampli tude of the spectral components (as predicted by 
equat ion 22) at frequency f x , and of harmonics o f f x , approach zero thus giving rise to the nodes 
noted in Figure 2. The transmission through the filter will increase with separat ion of the modu-
lating signal frequency fm f r o m the nodal modula t ing frequencies 2 m f c until limited by at tenu-
at ion outside the passband of the filter. Thus the filter ou tpu t corresponding to the ant inodes 

10 



of Figure 2 is expected to exhibit a frequency equal to that at which the / A ( f ) funct ion (where 
A ( f ) is the ampli tude response characteristic of the filter) peaks. The observed 0 - 2 f c (670 Hz 
approximately for the part icular example considered) agrees with this prediction. 

6. M E T H O D O F R E D U C I N G S I D E B A N D N O I S E 

Excessive data bandwidth at the time of the original recording may give rise to an un-
acceptable level of unwanted sideband components if: 

(i) The modulat ing signal frequency at the time of the original recording is greater than 
abou t 1 • 6 times the carrier frequency (equivalent to the leading edge of the first sideband 
" h u m p " in Figure 2). 

(ii) The modulat ing signal frequency at the time of the original recording is greater than 
abou t 1 • 6 times the carrier frequency arising after frequency division (which precedes 
low pass filtering of the type described in Sec. 4). 

Consider, as an example of (i), an application in which a wideband transducer is used for 
vibrat ion measurement , but only the lower frequency components are of interest for subsequent 
analysis. Assume that a tape speed and hence also carrier frequency are chosen such that the 
corresponding demodula tor filter should restrict the da ta passband to the band of interest only. 
As a specific example assume that components with frequencies in excess of 10 k H z are present 
in the t ransducer output at the time of recording. Fur ther assume that a 625 Hz cut-off frequency 
(as obtainable with 3 -375 kHz carrier for 4 -75 cm/s recording) adequately encompasses the 
frequency band of interest. A vibration component at 6 08 k H z frequency would give rise to 
an unwanted 670 Hz component at abou t 10% the ampli tude of the 6 08 k H z component at 
the time of recording. In cases where the level of the unwanted sideband components which pass 
through the reproducing filter is excessive, f requency band limiting prior to recording would be 
essential. 

A similar problem to that detailed in the previous paragraph may arise if recording is 
per formed with an adequately high carrier frequency but frequency division and low pass 
filtering are performed when the data are reproduced (an example of (ii)). However in this 
latter case a modified frequency division and filtering procedure can be employed to reduce 
the level of the unwanted sideband components if tha t is considered necessary. 

The first ma jo r sideband peak occurs when the modula t ing signal frequency is abou t 
6-08 kHz, if a straight division by a factor of 32 is employed for the example considered in 
Section 4. For the modulat ing signal frequency below about 5 -4 kHz the sideband contr ibut ion 
is virtually zero. It follows therefore that if the upper modulat ing signal frequency is kept below 
about 5 -4 k H z (equal to 1 -6 times carrier frequency or 8 - 6 times filter corner frequency for 
4-75 cm/s reproduct ion) the sideband components should be largely eliminated. The latter 
condit ion can be satisfied if the data are pre-filtered prior to reaching the final filter. In Figure 5a 
the hardware arrangement for low pass filtering as discussed earlier is drawn, and in Figure 5b 
a modified arrangement which provides pre-filtering with 2 -5 k H z corner frequency is drawn. 
An additional stage of modulat ion and demodulat ion (13-5 k H z carrier frequency) using s tandard 
hardware is required following a frequency divider with division factor of 8. The final frequency 
division factor is 4. 

A comparison of the ampli tude response curves obtained experimentally when: 
(i) Pre-filtering is not included 

(ii) Pre-filtering is included 
is shown in Figures 6 and 7. 

Reduct ion of sideband components with pre-filtering is readily observed in Figure 6. 
Abou t 2 % maximum sideband level is noted for a modula t ing signal frequency near 27 kHz. 
Significant sideband components will be generated at the 19 cm/s ( 7 | ips) pre-filter ou tpu t in 
the vicinity of 27 kHz modula t ing frequency (twice carrier frequency for 19 cm/s recording). 
The ampli tude of these sideband components , generated as the modulat ing signal frequency is 
varied, will increase f r o m zero at zero sideband frequency to peak at abou t 2 -7 kHz ( 0 - 2 / c ) 
sideband frequency. Componen t s with frequencies falling within the passband of the 4 -75 cm/s 
( I f ips) filter will give rise to the sideband components noted in Figure 6 near 27 k H z modula t ing 
frequency. 
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Some modification to the low pass filter ampli tude response (Fig. 7) arises as a result of 
the addit ional stage of pre-filtering but for the part icular filters used the difference is very small. 
Some modification to the phase response will also result. 

To reduce the level of unwanted sideband components and also to avoid excessive depar ture 
in the low pass filter characteristic f r o m the normal response a final frequency division factor 
of 4 (even if a division factor other than 32 is required) represents the op t imum value. 

7. C O N C L U S I O N 

a) Low pass filtering of data recorded on magnetic tape using frequency modula t ion 
techniques can be simply performed when the data are reproduced using a frequency 
divider and s tandard demodula tor filter. 

b) The filtering technique described can give rise to the generation of unwanted sideband 
components having frequencies within the filter passband. 

c) Analytical expressions for the level of unwanted sideband components can be derived 
f r o m a Fourier analysis of the filter input signal. 

d) A pre-filtering technique can be used to greatly reduce the level of the unwanted sideband 
components . 
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